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BEILINSON’S HODGE CONJECTURE FOR SMOOTH
VARIETIES
ROB DE JEU AND JAMES D. LEWIS
Abstract. Let U/C be a smooth quasi-projective variety of di-
mension d, CHr(U,m) Bloch’s higher Chow group, and clr,m :
CHr(U,m)⊗Q→ homMHS
(
Q(0), H2r−m(U,Q(r))
)
the cycle class
map. Beilinson once conjectured clr,m to be surjective [Be]; how-
ever Jannsen was the first to find a counterexample in the case
m = 1 [Ja1]. In this paper we study the image of clr,m in more
detail (as well as at the “generic point” of U) in terms of kernels of
Abel-Jacobi mappings. When r = m, we deduce from the Bloch-
Kato conjecture (now a theorem) various results, in particular that
the cokernel of clm,m at the generic point is the same for integral
or rational coefficients.
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1. Introduction
Let U/C be a smooth and quasi-projective variety of dimension d,
CHr(U,m) Bloch’s higher Chow group, and
clr,m : CH
r(U,m;Q)→ Γ
(
H2r−m(U,Q(r))
)
,
the Betti cycle class map, where
Γ
(
H2r−m(U,Q(r))
)
:= homMHS
(
Q(0), H2r−m(U,Q(r))
)
.
If m = 0, then by a standard weight argument (see [Ja1, pp.62-63]),
the Hodge conjecture implies that clr,0 is surjective. Beilinson once
conjectured that clr,m is always surjective [Be]. However unless U is
given by base extension from a smooth quasi-projective variety over a
number field, it is known that this conjecture is too optimistic [Ja1,
Cor. 9.11].
Consider these three statements:
(S1) clr,m : CH
r(X,m;Q) → Γ
(
H2r−m(X,Q(r))
)
is surjective for all
smooth complex projective varieties X ;
(S2) clr,m : CH
r(U,m;Q) → Γ
(
H2r−m(U,Q(r))
)
is surjective for all
smooth complex quasi-projective varieties U ;
(S3) lim(clr,m) : CH
r(Spec(C(X)), m;Q) → Γ
(
H2r−m(C(X),Q(r))
)
is
surjective for all smooth complex projective varieties X .
Note that (S1) for m = 0 is equivalent with the Hodge conjecture
(with rational coefficients as opposed to the original version with in-
tegral coefficients that was disproven by Atiyah-Hirzebruch by show-
ing the existence of non-algebraic torsion classes), and that it is triv-
ially true for m > 0 because then Γ
(
H2r−m(X,Q(r))
)
= 0. Also,
CHr(Spec(C(X)), m;Q) = 0 for r > m in (S3) because of dimension
reasons.
When m = 0, all three statements (for all r ≥ 0) are equivalent (as
one sees using a localization sequence argument, and Deligne’s mixed
Hodge theory, as on [Ja1, pp.62-63]). However as we shall see in this
paper, the statements are independent of each other: (S1) is expected
to be true, we conjecture (S3) to be true, and show (S2) to be false
in general. There is some evidence ([A-S], [Sa], [A-K], [MSa]) that
(S2) holds in the special case r = m, and the results in this paper are
consistent with this. In [SJK-L] we provided some evidence that (S3)
is always true, and in particular, (S3) can be viewed as an appropriate
generalization of the Hodge conjecture.
In this paper we address a number of issues, namely:
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• Necessary and sufficient conditions for clr,m, and lim(clr,m) to be
surjective, in terms of kernels of (reduced) higher Abel-Jacobi maps.
This is worked out in Theorem 4.9 and subsequent examples, as well as
in Corollary 6.9 below. Naturally this leads to a generalized notion of
decomposable classes, which is discussed in Section 8. Also, in Theorem
5.1 we exhibit counterexamples to the surjectivity of clr,m in (S2) in
all cases where it is not trivially true or where one might reasonably
expect this surjectivity (namely r = m or m = 0).
• The story can be worked out with integral coefficients in the case
r = m, and in particular, we are interested in the nature of the map
d logm : CH
m(Spec(C(X)), m)→ Hm(C(X),Z(m))∩FmHm(C(X),C).
We prove in Section 7 that the torsion subgroup Hm(C(X),Z(m))tor
of Hm(C(X),Z(m)) is trivial1 (hence this intersection makes sense!).
The combination of Theorem 1.1 and Conjecture 1.2 below would imply
that d logm is surjective. We also relate d logm to the map
CHm(Spec(C(X)), m)
l
→ Hmet (Spec(C(X)), µ
⊗Zm
l ),
for l a non-zero integer, which is now known to be an isomorphism.
(This is the former Bloch-Kato conjecture2, for the field C(X).) Thus
the conjectured surjectivity of d logm can be thought of as a Hodge
theoretic version of the Bloch-Kato conjecture. Note that lim(clm,m)
equals
d logm⊗ Q : CH
m(Spec(C(X)), m;Q)→ Γ
(
Hm(C(X),Q(m))
)
.
As mentioned above, the classical Hodge conjecture, as originally for-
mulated by Hodge with integral coefficients, is false. But we wish to
remind the reader that it is false with integral coefficients even mod-
ulo torsion (see [Lew, p.67]), albeit expected (by optimists) to be true
with rational coefficients. The following statement, again proven in
Section 7, therefore seems rather remarkable.
Theorem 1.1. coker(d logm) ≃ coker(lim(clm,m)). In particular, d logm
is surjective ⇔ lim(clm,m) is surjective.
What this theorem tells us is that the Hodge theoretic analog of the
Bloch-Kato conjecture is the surjectivity of lim(clm,m). Quite generally
we expect that the following is true.
Conjecture 1.2. For all r,m ≥ 0, statement (S3) holds.
1Already known to some experts.
2This is now a theorem ([We]).
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By our earlier remarks this conjecture includes the Hodge conjecture
and relates it to the (now proved) Bloch-Kato conjecture.
The authors wish to thank Spencer Bloch, He´le`ne Esnault, Marc
Levine and Chuck Weibel for useful conversations and/or correspon-
dence.
2. Notation
(i) Unless otherwise specified, X is a smooth complex projective
variety of dimension d, and U is a smooth complex quasi-projective
variety.
Let A ⊆ R be a subring.
(ii) A(r) := (2πi)rA (Tate twist).
(iii) If H is an A-mixed Hodge structure (MHS), then we write
Γ(H) := homA−MHS(A(0), H) and J(H) := Ext
1
A−MHS(A(0), H).
(iv) For a quasi-projective variety V , CHr(V,m) is the higher Chow
group defined in [Bl], and CHr(V ) := CHr(V, 0).
(v) CHr(V,m;Q) := CHr(V,m)⊗Q.
(vi) We write
H2r−m(C(X),Q(r)) = lim
→
U⊂X
H2r−m(U,Q(r)),
the limit taken over all Zariski open subsets of X .
(vii) We let H∗D(U,A(r)) denote the (algebraic) Deligne-Beilinson
cohomology [EV] of U .
3. Weight filtered spectral sequence
We provide a breezy review of some of the ideas in [K-L, Section 3.1].
We first recall the definition of the higher Chow groups. Let V/C be a
quasi-projective variety. Put zr(V ) = free abelian group generated by
subvarieties of codimension r in V , ∆m the standard m-simplex, and
zr(V,m) =
{
ξ ∈ zk(V × ∆m)
∣∣ ξ meets all faces properly}. We let
∂ =
∑
i(−1)
i∂i where ∂i is the restriction to the i-th codimension 1
face.
Definition 3.1. ([Bl]) CH•(V, •) = homology of
{
z•(V, •), ∂
}
. We put
CHk(V ) := CHk(V, 0).
We also need to recall the cubical version. Let m := (P1\{1})m
with coordinates zi and 2
m codimension one faces obtained by setting
zi = 0,∞, and boundary maps ∂ =
∑
(−1)i−1(∂0i −∂
∞
i ), where ∂
0
i , ∂
∞
i
denote the restriction maps to the faces zi = 0, zi = ∞ respectively.
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The rest of the definition is completely analogous for zr(V,m) ⊂ zr(V ×

m), except that one has to quotient out by a subgroup of degenerate
cycles. It is known that both complexes are quasi-isomorphic ([Bl]).
Now write U = X\Y , where X/C is a smooth projective variety of
dimension d, Y = Y1 ∪ · · · ∪ Yn ⊂ X a NCD with smooth components.
For an integer t ≥ 0, put Y [t] = disjoint union of t-fold intersections
of the various components of Y , with corresponding simplicial scheme
Y [•] → Y →֒ Y [0] := X . There is a third quadrant double complex
(3.2) Z i,j0 (r) := z
r+i(Y [−i],−j), i, j ≤ 0;
Z i,j+10x∂
Z i,j0
Gy
−→ Z i+1,j0
whose differentials are ∂ vertically (∂ as coming from the definition of
Bloch’s higher Chow groups), and Gy (= Gysin) horizontally. To the
corresponding total complex s•Z(r) with D = ∂ ± Gy are associated
the two Grothendieck spectral sequences Ep,qi and
′Ep,qi with
Ep,q2 = H
p
Gy
(
Hq∂(Z
•,•
0 (r))
)
; ′Ep,q2 = H
p
∂(H
q
Gy
(
Z•,•0 (r))
)
.
The second spectral sequence, together with Bloch’s quasi-isomorphism
z•(X, ∗)
z•Y (X, ∗)
Restriction
−→ z•(U, ∗),
shows that ([K-L](sect. 3.1))
H−m(s•Z(r)) = ′E0,−m2 = CH
r(U,m).
The first spectral sequence has Ei,j1 = CH
r+i(Y [−i],−j) and
Ei,j2 =
ker
(
Gy : CHr+i(Y [−i],−j)→ CHr+i+1(Y [−i−1],−j)
)
Gy
(
CHr+i−1(Y [−i+1],−j)
) .
The corresponding filtration on s•Z(r) also induces a “weight” filtra-
tion
W−mCH
r(U,m) ⊆ · · · ⊆W0CH
r(U,m) = CHr(U,m),
which is characterized by the injection
∂ℓ,mR : Gr
ℓ
WCH
r(U,m) = E−ℓ−m,ℓ∞ →֒
{
A subquotient of
CHr−ℓ−m(Y [ℓ+m],−ℓ)
}
,
for ℓ = −m, ..., 0, where ∂ℓ,mR is called a residue map in [K-L]. It is easy
to check that
E0,−m∞ = W−mCH
r(U,m)
)
= Image
(
CHr(X,m)→ CHr(U,m)
)
.
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4. The image of the cycle class map
Our main goal in this section is to prove Theorem 4.9, which pro-
vides necessary and sufficient conditions for the surjectivity of clr,m :
CHr(U,m;Q) → Γ
(
H2r−m(U,Q(r))
)
. The obstruction to surjectivity
will be explained in terms of kernels of Abel-Jacobi maps for the higher
Chow groups. We fix U , r ≥ 0 and m ≥ 0. Of particular interest is the
top residue ∂R(ξ) := ∂
0,m
R (ξ) ∈ E
−m,0
∞ for ξ ∈ CH
r(U,m), where
(4.1)
E−m,0∞ ⊆ E
−m,0
2 =
ker
(
Gy : CHr−m(Y [m])→ CHr−m+1(Y [m−1])
)
Gy
(
CHr−m−1(Y [m+1])
) .
(In general, E−m,02 6= E
−m,0
∞ .) We use this to study the cycle class map
clr,m via the commutative diagram
(4.2)
CHr(U,m;Q) ։ E−m,0∞ ⊗Q
clr,m
y y
Γ
(
H2r−m(U,Q(r))
)
→֒ Γ
(
GrW0 H
2r−m(U,Q(r))
)
,
where the injectivity of the map on the bottom row follows from the
fact that Γ
(
W−1H
2r−m(U,Q(r))
)
= 0. (In general we use Q-coefficients
because weight filtration in Hodge theory is defined for such coefficients.
Exceptions to this situation are discussed in sections 6 and 7.) With
regard to the morphism
Gy : CHr−m(Y [m])→ CHr−m+1(Y [m−1]),
for m ≥ 1, put
CHr−m(Y [m])◦ := Gy−1
(
CHr−m+1hom (Y
[m−1])
)
,
where CHr−m+1hom (Y
[m−1]) ⊂ CHr−m+1(Y [m−1]) is the subgroup of null-
homologous cycles on Y [m−1]. Notice that for m ≥ 1,
E−m,0∞ = E
−m,0
m+1 ⊆ E
−m,0
2 →֒
CHr−m(Y [m])◦
Gy
(
CHr−m−1(Y [m+1])
) ,
and for all m ≥ 0, we have
dm : E
−m,0
m → E
0,−m+1
m , E
0,−m+1
∞ =
E0,−m+1m
dm(E
−m,0
m )
.
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For k = 1, ..., m+ 1 put
E˜−m,0k =

CHr−m(Y [m];Q)◦
Gy
(
CHr−m−1(Y [m+1];Q)
) if k = 1
E−m,0k ⊗Q for k = 2, ..., m+ 1
so that E˜−m,0k ⊆ E˜
−m,0
1 for k ≥ 1. (Our main reason for introducing
E˜−m,01 is so that the map β in diagram (4.6) below has a chance of being
surjective, as implied by the Hodge conjecture.) For k = 1, . . . , m we
let E˜−m+k,−k+1k be{
ker
(
CHr−m+1hom (Y
[m−1];Q)
Gy
−→CHr−m+2(Y [m−2];Q)
)
if k = 1,
E−m+k,−k+1k ⊗Q for k = 2, ..., m,
hence E˜−m+k,−k+1k ⊆ E
−m+k,−k+1
k ⊗ Q and dk(E˜
−m,0
k ) ⊆ E˜
−m+k,−k+1
k .
Then (4.2) becomes
(4.3)
CHr(U,m;Q) ։ E˜−m,0∞
clr,m
y y
Γ(H2r−m(U,Q(r))) →֒ Γ(GrW0 )
where we abbreviate WjH
2r−m(U,Q(r)) to Wj and similarly for Gr
W
j ,
and where E˜−m,0∞
def
= E˜−m,0m+1 =
⋂
k≥1 ker(dk : E˜
−m,0
k → E˜
−m+k,−k+1
k ) ⊆
E˜−m,01 , which equals E
−m,0
∞ ⊗Q because E
−m,0
∞ = E
−m,0
m+1 . Note that as
in [K-L, 3.1],
Γ(GrW0 ) =
ker
(
Gy : Hr−m,r−m(Y [m],Q(r −m))→
Hr−m+1,r−m+1(Y [m−1],Q(r −m+ 1))
)
Gy
(
Hr−m−1,r−m−1(Y [m+1],Q(r −m− 1))
) ,
and, for 0 ≤ k ≤ m,
(4.4) GrW−k =
ker
(
Gy : H2r−2m+k(Y [m−k],Q(r −m+ k))→
H2r−2m+k+2(Y [m−k−1],Q(r −m+ k + 1))
)
Gy
(
H2r−2m+k−2(Y [m−k+1],Q(r −m+ k − 1))
) .
8 ROB DE JEU AND JAMES D. LEWIS
Using the differentials d1 := Gy, d2, . . . , dm we claim that there is a
commutative diagram of exact sequences for each k = 1, . . . , m
(4.5)
0 → E˜−m,0k+1 → E˜
−m,0
k
dk−→ E˜−m+k,−k+1k
αk+1 ↓ αk ↓ λk ↓
0 → J(W−k−1) → J(W−k)
hk
։ J(GrW−k)
where hk is the obvious map, λk is the Abel-Jacobi map (defined ex-
plicitly in Section 10 below), and where the αk’s are characterized as
follows. If we assume αk is defined, then the definition of αk+1 is dic-
tated by imposing commutativity in (4.5). Thus we need only define
α1, and show that hk ◦ αk = λk ◦ dk. The latter will be proven in
Section 10. Note that, as implicit in (4.3), clr,m is the composition
CHr(U,m;Q)→ E˜−m,0∞ = E˜
−m,0
m+1 → Γ
(
H2r−m(U,Q(r))
)
,
and that there is a map β = βr,m : E˜
−m,0
1 → Γ(Gr
W
0 ), which is an
isomorphism when r = m, and is surjective for all r and m under the
assumption of the Hodge conjecture. We let α1 = κ ◦ β in the diagram
(with κ the obvious map)
(4.6)
E˜−m,0∞


 // E˜−m,01
β

α1
%%KK
K
K
K
K
K
K
K
K
d1 // E˜−m+1,01
λ1

Γ
(
H2r−m(U,Q(r))
)

 // Γ(GrW0 )
κ // J(W−1)
h1 // J(GrW−1) .
Then (4.6) and (4.5) commute (see Theorem 10.1).
With regard to the diagram (4.5) above, it is obvious that
ker(αk+1) = ker
(
dk
∣∣
ker(αk)
)
⊆ ker(αk).
From the isomorphisms β(ker(αk)) ≃ ker(αk)/ ker(β) ∩ ker(αk) and
β(ker(αk+1)) ≃ ker
(
dk
∣∣
ker(αk)
)
/ ker(β) ∩ ker
(
dk
∣∣
ker(αk)
)
, we arrive at
the identification
β(ker(αk))
β(ker(αk+1))
≃
dk(ker(αk))
dk
(
ker(β) ∩ ker(αk)
) .
We have inclusions
im(clr,m) = β(ker(αm+1)) ⊆ · · · ⊆ β(ker(α1)) ⊆ Γ
(
H2r−m(U,Q(r))
)
where on the left we have equality as W−m−1 = 0 and E˜
−m,0
m+1 = E˜
−m,0
∞ ,
and the right-most inclusion is an equality if Γ
(
H2r−m(U,Q(r))
)
⊆
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im(β) (e.g., if β is surjective). We mention in passing the following
result:
Proposition 4.7. Suppose that λk
∣∣
im(dk)
is injective for k = 1, ..., m.
If β is surjective, then clr,m : CH
r(U,m;Q) → Γ
(
H2r−m(U,Q(r))
)
is
surjective.
Proof. From (4.5) we get ker(αm+1) = · · · = ker(α1), and we apply the
inclusions above. 
A slight tweaking of Proposition 4.7 together with diagrams (4.5)
and (4.6) leads to:
Proposition 4.8. [M. Saito [MSa]. Also see [K-L].] Assume the Hodge
conjecture, and that the Bloch-Beilinson conjecture holds, viz., for all
smooth projective V/Q, the Abel-Jacobi map AJ : CHrhom(V/Q, j;Q)→
J
(
H2r−j−1(V,Q(r))
)
, is injective for all r and j. If U is obtained from
a smooth quasi-projective variety over Q by base change to C, then for
all r and m, clr,m : CH
r(U,m;Q)→ Γ
(
H2r−m(U,Q(r))
)
is surjective.
Proof. The proof, which is similar to the one given in [K-L, Prop. 3.7],
is omitted. 
Next, ker(β) ⊆ ker(α1) by (4.6), hence ker(β) ∩ E˜
−m,0
k ⊆ ker(α1) ∩
E˜−m,0k = ker(αk) ⊆ E˜
−m,0
k for k = 1, ..., m + 1, with the last equality
because of (4.5). Hence ker(β) ∩ ker(αk) = ker(β) ∩ E˜
−m,0
k . If hk is an
isomorphism then this gives
dk(ker(αk))
dk
(
ker(β) ∩ ker(αk)
) = ker (λk
∣∣
dk(E˜
−m,0
k
)
)
dk
(
ker(β) ∩ E˜−m,0k
) .
This is the case when k = m again because W−m−1 = 0. Putting all
these ideas together, we obtain the following.
Theorem 4.9. (i) if clr,m is surjective then
dk(ker(αk))
dk
(
ker(β) ∩ ker(αk)
) = 0 for all k = 1, . . . , m;
the converse is true if β is surjective; more precisely: the converse is
true if Γ
(
H2r−m(U,Q(r)) ⊆ im(β) (e.g., if β is surjective);
(ii) clr,m is surjective implies that
ker
(
λm
∣∣
dm(E˜
−m,0
m )
)
dm
(
ker(β) ∩ E˜−m,0m
) = 0
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(iii) if Γ
(
H2r−m(U,Q(r)) ⊆ im(β) and
dk(ker(αk))
dk
(
ker(β) ∩ ker(αk)
) = 0
for all k = 1, . . . , m− 1, then there is a short exact sequence
0→ im(clr,m)→ Γ
(
H2r−m(U,Q(r))
)
→
ker
(
λm
∣∣
dm(E˜
−m,0
m )
)
dm
(
ker(β) ∩ E˜−m,0m
) → 0 .
Note that λ1 is automatically injective when r = m by the theory of
the Picard variety, so that d1(ker(α1)) = 0 in this case. Since β is an
isomorphism here, we deduce
Corollary 4.10. Let us assume that r = m. Then clm,m is surjective
if and only if dk(ker(αk)) = 0 for all k = 2, . . . , m. In particular, cl1,1
is always surjective. (See also Example 6.3.)
Example 4.11. Assume r ≥ m = 1. Note that d1 : E˜
−1,0
1 → E˜
0,0
1 =
CHrhom(X ;Q). Assuming β is surjective, then Theorem 4.9(iii) we de-
duce the short exact sequence
0→ im(clr,1)→ Γ
(
H2r−1(U,Q(r))
)
→
ker
(
λ1
∣∣
im(d1)
)
d1(ker(β))
→ 0 .
Recalling U = X\Y of dimension d, we have that
λ1 : im(d1)→ J
(
H2r−1(X,Q(r))/H2r−1Y (X,Q(r))
)
,
where the denominator term H2r−1Y (X,Q(r)) in the jacobian is identi-
fied with its image in H2r−1(X,Q(r)), which apparently coincides with
Gy
(
H2r−3(Y [1],Q(r−1))
)
by a standard mixed Hodge theory argument
(Deligne). Taking limits, we arrive at the short exact sequence
0→ im(lim(clr,1))→ Γ
(
H2r−1(C(X),Q(r))
)
→
ker
(
CHrhom(X ;Q)
AJ
−→J
(
H2r−1(X,Q(r))/N1H2r−1(X,Q(r))
))
lim→
U
d1(ker(β))
→ 0,
where NpH i(X,Q) is the p-th coniveau filtration. However, if for ex-
ample r = d, then using the fact that a zero-cycle on a projective
variety is homologous to zero if and only its degree is 0, we see β is
surjective in this case, and that
CHdhom(X ;Q)
lim
−→
U
d1(ker(β))
= 0,
owing to the fact that any finite set of points on X lies on a smooth
divisor in X . Therefore we arrive at the following result.
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Corollary 4.12 ([SJK-L]).
lim(cld,1) : CH
d(Spec(C(X)), 1;Q)→ Γ
(
H2d−1(C(X),Q(d))
)
is surjective.
Example 4.13. The case r = m = 2. We observe that ker(λ1) = 0,
and that β is an isomorphism. Thus from Theorem 4.9(iii) and (4.5),
we arrive at the short exact sequence
0→ im(cl2,2)→ Γ
(
H2(U,Q(2))
)
→ ker
(
λ2
∣∣
im(d2)
)
→ 0.
We have
d2(E˜
−2,0
2 ) ⊆ E˜
0,−1
2 =
CH2(X, 1;Q)
Gy
(
CH1(Y [1], 1;Q)
) λ2−→ J(H2(X,Q(2))
H2Y (X,Q(2))
)
.
There is an exact sequence
0→ d2(E˜
−2,0
2 )→
CH2(X, 1;Q)
Gy
(
CH1(Y [1], 1;Q)
) → CH2(U, 1;Q),
hence
d2(E˜
−2,0
2 ) = Image of CH
1(Y, 1;Q)→
CH2(X, 1;Q)
Gy
(
CH1(Y [1], 1;Q)
) .
Note that
CH1(Y [1], 1) =
(
C×
)⊕n
,
and recall we have Y [1] =
∐n
i=1 Yi. Thus cl2,2 is surjective if and only
if λ2 is injective on the subgroup of cycles in CH
2(X, 1;Q) supported
on Y , modulo the image of the space of decomposables in CH(X, 1;Q),
supported on Y . Now let CH2dec(X, 1;Q) :=
im
(
CH1(X, 0;Q)⊗ CH1(X, 1;Q)→ CH2(X, 1;Q)
)
,
under the product on the higher Chow groups, and
CH2ind(X, 1;Q) :=
CH2(X, 1;Q)
CH2dec(X, 1;Q)
.
Then
lim(cl2,2) : CH
2
(
Spec(C(X)), 2;Q)
)
→ Γ
(
H2(C(X),Q(2))
)
,
is surjective if and only if
AJ : CH2ind(X, 1;Q)→ J
(
H2(X,Q(2))
N1H2(X,Q(2))
)
,
is injective3. In summary,
3This is also pointed out in [MSa] (Remark 4.4).
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Corollary 4.14.
Γ
(
H2(C(X),Q(2))
)
lim(cl2,2)
(
CH2
(
Spec(C(X)), 2;Q)
)) ≃
kerAJ : CH2ind(X, 1;Q)→ J
(
H2(X,Q(2))
N1H2(X,Q(2))
)
.
(See also Corollary 6.5.)
In particular, lim(cl2,2) above is surjective if CH
2
ind(X, 1;Q) = 0. We
recall Bloch’s conjecture which says in the case that X is a surface,
pg(X) = 0 ⇔ the Albanese map κ : CH
2
deg 0(X) → Alb(X) is an iso-
morphism. Equivalently, this amounts to saying that pg(X) = 0⇔ the
motive of X degenerates. The degeneration of the motive of X implies
that CH2ind(X, 1;Q) = 0 ([CS]). So according to Bloch’s conjecture, if
X is a surface with pg(X) = 0, then lim(cl2,2) is surjective.
5. Amending the Beilinson-Hodge conjecture
For any smooth quasi-projective variety U/C of dimension d we con-
sider the following three regions for the pair (r,m) (see Figure 5.1):
I: r > m > 0 and r ≤ d;
II: r > m and r > d;
III: r < m.
m
→ r
↑
d
II
III
I
Figure 5.1. The three regions
The corresponding cycle class map
clr,m : CH
r(U,m;Q)→ Γ
(
H2r−m(U,Q(r))
)
is surjective in regions II and III since there the right-hand side is triv-
ial (see Corollary 6.6 on page 85 in [Ja1]). We shall show below that at
every point in region I surjectivity fails in general. Thus the only open
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cases are the diagonal (r = m), where surjectivity is the Beilinson-
Hodge conjecture as formulated in [A-S], and the r-axis, where surjec-
tivity corresponds to the Hodge conjecture extended to such U .
Theorem 5.1. For a fixed d, assume (r,m) lies in region I. Then there
exists a smooth quasi-projective variety U/C of dimension d such that
clr,m fails to be surjective.
Proof. Special instances of this are already established in [K-L]. Let
Z0 ⊂ P
r+1 be a hypersurface of sufficiently large degree, Pr1, . . . ,P
r
m−1 ⊂
Pr+1 general hyperplanes such that if we put
W = Pr1 ∩ · · · ∩ P
r
m−1 ∩ Z0,
thenW is smooth and H0(W,ΩqW ) 6= 0 where q = r−m+1 = dimW ≥
2 since r > m. Fix points P, Q in W such that the class of P − Q
is non-trivial in CH0(W ;Q) (possible by Mumford/Roitman, see [Lew,
Ch.15]), and consider the blow-up
Z := B{P,Q}(Z0)
π
−→Z0.
Set E1 = π
−1(P ), E2 = π
−1(Q), E2+i = π−1
(
Pri ∩ Z0\{P, Q}
)
for
i = 1, . . . , m− 1, and E =
⋃m+1
j=1 Ej . Observe that
m−1⋂
i=1
E2+i = B{P,Q}(W ).
Finally for k = d− r ≥ 0, put
X = Z × Pk
Y =
m+1⋃
i=1
Ei × P
k
so that X has dimension d ≥ 2. Note that
Y [m+1] = ∅,
Y [m] =
{{
E1 ∩ B{P,Q}(W )
}
× Pk
} ∐ {{
E2 ∩B{P,Q}(W )
}
× Pk
}
≃
{
Pr−m × Pk
}∐{
Pr−m × Pk
}
,
and that B{P,Q}(W )× P
k is an irreducible component of Y [m−1]. Then
with regard to diagram (4.6), β is an isomorphism, and yet for k = d−r
there is a class
ξ ∈ CHr−m(Y [m];Q)◦
of the form {0−cycle} × Pk, for which
Gy(ξ) 6= 0 ∈ CHr−m+1hom (Y
[m−1];Q),
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but α1(ξ) = 0 ∈ J(W−1). To see why α1(ξ) = 0, observe that sinceW−1
has negative weight, it suffices to show that the values of α1(ξ) map to
zero in J(GrW−k) for k ≥ 1. But the relevant part of Gr
W
−k involves the
cohomology H2r−2m+k(E[m−k]) ⊗ H0(Pk) ⊂ H2r−2m+k(Y [m−k]), which
in the end involves the mixed Hodge structure of
Z\E = Z0\ {P
r
1 ∩ Z0 ∪ · · · ∪ P
r
m−1 ∩ Z0}︸ ︷︷ ︸
=:E0
.
But E
[m−k]
0 is a union of smooth hypersurfaces of dimension r −m +
k. Since by Lefschetz, the cohomology of hypersurfaces is only “non-
trivial” in the middle dimension, and in light of the description of GrW−k
in (4.4), it suffices to show that 2r−2m+k 6= r−m+k (hence GrW−k = 0,
as it reduces to the same thing as the homology of a simplex). But
2r − 2m+ k = r −m + k ⇔ r = m which is not the case for region I.
Thus α1(ξ) = 0, hence λ1◦d1(ξ) = 0 as well. In particular, ξ ∈ ker(α1),
ker(β) = 0, and d1(ξ) = Gy(ξ) 6= 0. Thus by Theorem 4.9(i), clr,m fails
to be surjective. 
6. Integral coefficients I
This section serves as a necessary forerunner to Section 7. Along
the way we prove some results that are either new, or appear to be
known only among experts. Let X/C be a smooth projective variety
and Y ⊂ X a proper subvariety. There is a short exact sequence
0→
H2r−m(X,Z(r))
H2r−mY (X,Z(r))
→ H2r−m(X\Y,Z(r))→ H2r−m+1Y (X,Z(r))
0 → 0,
where, for notational simplicity, we write H2r−mY (X,Z(r)) instead of
im(H2r−mY (X,Z(r))), and let
H2r−m+1Y (X,Z(r))
0 := ker
(
H2r−m+1Y (X,Z(r))→ H
2r−m+1(X,Z(r))
)
.
Let us assume for the moment that
H2r−m(X,Z(r))
H2r−mY (X,Z(r))
is torsion-free. Except for the obvious case 2r −m = 0 this also holds
in the following two cases:
(i) 2r −m = 1. Here
H1(X,Z(r))
H1Y (X,Z(r))
= H1(X,Z(r)),
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is torsion-free, as can be seen from the long exact sequence of cohomol-
ogy of X associated to the short exact sequence
(6.1) 0→ Z(1)→ C→ C× → 0.
(ii) 2r−m = 2. Let Y be a divisor such that the imageH2Y (X,Z(2))→
H2(X,Z(2)) is precisely the algebraic part H2alg(X,Z(2)). Then by
the Lefschetz (1, 1) theorem, H2(X,Z(2))
/
H2alg(X,Z(2)) is torsion-free,
and H2(X,Z(2))/H2Y (X,Z(2)) is isomorphic to this group.
Then by purity of negative weight and torsion-freeness,
Γ
(
H2r−m(X,Z(r))
H2r−mY (X,Z(r))
)
= 0 for m > 0.
Corresponding to this is a commutative diagram (use the fact that
cycle class maps are compatible with localization sequences for the
left-hand square, and the commutativity of the right-hand square can
be deduced from an extension class interpretation of the Abel-Jacobi
map (see [KLM]))
(6.2)
CHr(X\Y,m)
CHr(X,m)
→֒ CHrY (X,m− 1)
0 α−→ CHrhom(X,m− 1)
clr,m
y yβ yAJ
ΓH2r−m(X\Y,Z(r)) →֒ ΓH2r−m+1Y (X,Z(r))
0 → J
(
H2r−m(X,Z(r))
H2r−m
Y
(X,Z(r))
)
,
where
CHrhom(X,m− 1) = ker
(
CHr(X,m− 1)→ H2r−m+1(X,Z(r))
)
,
and CHrY (X,m− 1)
0 :=
ker
(
CHrY (X,m− 1)→ H
2r−m+1(X,Z(r))
)
= α−1CHrhom(X,m− 1).
Example 6.3. Suppose that r = m = 1. Then β and AJ are iso-
morphisms, hence the same holds for cl1,1 by (6.2). If we make the
identifications CH1(X, 1) ≃ C×, CH1(X\Y, 1) = O×X\Y (X\Y ), then we
arrive at the short exact sequence
0→ C× → O×X\Y (X\Y )
d log
−−→ ΓH1(X\Y,Z(1))→ 0,
where cl1,1 = d log is well-known (see [KLM]). This is also a conse-
quence of the identification
O×X\Y (X\Y ) ≃ H
1
D(X\Y,Z(1)) .
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The surjectivity of d log in this case is also proven in [A-K].
Example 6.4. Suppose that (r,m) = (2, 1), and Y = Y1∪· · ·∪Yn ⊂ X
is a divisor. We observe that there is a short exact sequence
H2Y (X,C)
F 2H2Y (X,C) +H
2
Y (X,Z(2))
→֒ H3D,Y (X,Z(2))։ ΓH
3
Y (X,Z(2)),
where the first term may be identified with
⊕nj=1H
0(Yj,C/Z(1)) ≃ (C
×)⊕n =: CH2Y,dec(X, 1).
There is a canonical isomorphism CH2Y (X, 1)
∼
−→ H3D,Y (X,Z(2)) by [Ja2,
Lemma 3.1]. (In loc. cit. this is formulated in terms of K-theory, but
because of the particular indices, it gives exactly this result.) We there-
fore obtain a short exact sequence (using the fact that β factors through
Deligne cohomology)
0→ CH2Y,dec(X, 1)→ CH
2
Y (X, 1)
0
β
−→ ΓH3Y (X,Z(2))
0 → 0,
so that the snake lemma applied to (6.2) yields an exact sequence
0→ ker(cl2,2)→ CH
2
Y,dec(X, 1)→ ker
(
AJ
∣∣
Im(α)
)
→ cok(cl2,2)→ 0.
When taking limits over Y in the above example α becomes surjec-
tive, and lim(cl2,2) = d log2 in Section 1. So using the description of
ker(β) for each Y above we obtain the following result.
Corollary 6.5.
ΓH2(C(X),Z(2))
im(d log2)
≃ ker
[
CH2hom(X, 1)
CH2dec(X, 1)
AJ
−→ J
(
H2(X,Z(2))
H2alg(X,Z(2))
)]
.
Let us now consider the general situation of (r,m) with m > 0, so
that we have the diagram (6.2) tensored with Q. Then β ⊗ Q need
not be surjective; moreover a detailed description of this map when Y
is a NCD leads to the same kind of analysis as in Section 4. Recall
that by a weight argument, ΓH2r−m(X\Y,Q(r)) = 0 for r ≤ m − 1.
With this in mind let us assume that r ≥ m. Then as Y ⊂ X ranges
over all pure codimension one subvarieties, the image of α in (6.2) is
CHrhom(X,m−1) because of dimensions. Referring to (6.2)Q, let us put
(6.6) N1CHr(X,m− 1;Q) := lim
−→
Y
α(ker β ⊗Q),
where Y ⊂ X ranges over all pure codimension one4 algebraic subsets
of X . Note that from Example 6.4, N1CH2(X, 1;Q) = CH2dec(X, 1;Q).
4Working with subvarieties of higher pure codimension, this gives rise to a de-
scending filtration {NpCHi(X, j;Q)}p≥0 which is finer that the coniveau filtration
on CHi(X, j;Q).
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Now fix a j : Y →֒ X of pure codimension one, with desingularization
λ : Y˜
≈
−→ Y , and composite morphism σ = j ◦ λ : Y˜ → X . By a weight
argument (Deligne) together with the purity of H2r−m(X,Q(r)), both
Gysin images (σ∗, j∗) in the commutative diagram below are the same.
H2r−m−2(Y˜ ,Q(r − 1))
σ∗
))TTT
TT
TT
TT
TT
TT
TT
λ∗

H2r−m(X,Q(r))
H2r−mY (X,Q(r)) .
j∗
44jjjjjjjjjjjjjjj
Assuming the Hodge conjecture, we can find w in CHd−1(X × Y˜ ;Q)
with σ∗ ◦ [w]∗ = Idim(σ∗), where
[w]∗ : H
2r−m(X,Q(r))→ H2r−m−2(Y˜ ,Q(r − 1))
is induced by w (see [Lew, Prop. 7.4]). Note that
(6.7) w∗CH
r
hom(X,m− 1;Q) ⊂ CH
r−1
hom(Y˜ , m− 1;Q)→ ker βQ,
where β
Q
:= β ⊗ Q. Let us similarly write (6.2)Q for (6.2) tensored
with Q, and let
AJQ : CH
r
hom(X,m− 1;Q)→ J
(
H2r−m(X,Q(r))
)
be the (full) Abel-Jacobi map. Referring to (6.2)Q, we deduce from the
Hodge conjecture that
ker
(
AJQ
∣∣
im(α)
)
= ker
(
AJQ
∣∣
im(α)
)
+ α(ker β
Q
).
Indeed, if ξ ∈ ker
(
AJQ
∣∣
im(α)
)
, then AJQ(ξ) = AJQ(σ∗ ◦ w∗(ξ)) by
functoriality of the Abel-Jacobi map. Thus ξ =
(
ξ − σ∗ ◦w∗(ξ)
)
+ σ∗ ◦
w∗(ξ) ∈ ker
(
AJQ
∣∣
im(α)
)
+ α(ker β
Q
) by (6.2)Q. In particular,
Proposition 6.8. Under the assumption of the Hodge conjecture, for
a fixed Y as above there are short exact sequences
kerAJQ
∣∣
im(α)
+ α(ker β
Q
)
α(ker β
Q
)
→֒
ΓH2r−m(X\Y,Q(r))
im(clr,m)
։ cok(β
Q
)0,
where
cok(β
Q
)0 := ker
(
cok(β
Q
)→ cok(AJQ)
)
,
AJQ : im(α)→ J
(
H2r−m(X,Q(r))
H2r−mY (X,Q(r))
)
.
18 ROB DE JEU AND JAMES D. LEWIS
Taking the direct limit over Y we obtain a short exact sequence
kerAJQ +N
1CHr(X,m− 1;Q)
N1CHr(X,m− 1;Q)
→֒
ΓH2r−m(C(X),Q(r))
im(lim clr,m)
։ lim cok(β
Q
)0,
where
lim cok(β
Q
)0 = ker
(
lim cok(β
Q
)→ cok(AJQ)
)
,
AJQ : CH
r
hom(X,m− 1;Q)→ J
(
H2r−m(X,Q(r))
N1H2r−m(X,Q(r))
)
.
Corollary 6.9. Assume the Hodge conjecture and let r ≥ m. Then
ΓH2r−m(C(X),Q(r))
im(lim clr,m)
= 0 implies kerAJQ ⊂ N
1CHr(X,m− 1;Q).
Remark 6.10. (i) Note that Corollary 6.9 for m = 1 is essentially a
conjectural type question of Jannsen [Ja3, p.227].
(ii) Let us (again) take the direct limit over Y of diagram (6.2)Q. By
applying the snake lemma to the limit diagram, we deduce (uncondi-
tionally) that for r ≥ m,
ΓH2r−m(C(X),Q(r))
im(lim clr,m)
= 0
implies that
AJQ :
CHr(X,m− 1;Q)
N1CHr(X,m− 1;Q)
→ J
(
H2r−m(X,Q(r))
N1H2r−m(X,m− 1;Q)
)
,
is injective, which in turn implies by a generalization of Beilinson rigid-
ity theorem given in [MS] that
CHr(X,m− 1;Q)
N1CHr(X,m− 1;Q)
is countable for m ≥ 2. Note that in the case r = m = 2, we have
CH2ind(X, 1;Q) =
CH2(X, 1;Q)
N1CH2(X, 1;Q)
,
where CH2ind(X, 1;Q) was defined in Example 4.13, and the statement
of countability of CH2ind(X, 1;Q) is a conjecture of Voisin.
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7. Integral coefficients II
As always, X/C is a smooth projective variety. This section concerns
the following integrally defined map:
(7.1)
d logm : CH
m(Spec(C(X)), m)→ Γ
(
Hm(C(X),Z(m))
)
,
{f1, ..., fm} 7→
m∧
1
d log(fj)
mentioned in Section 1. Of course, d logm⊗Q = lim(clm,m). We shall
prove in this section that Hm(C(X),Z(m)) is torsion-free, so that by
a weight argument
Γ
(
Hm(C(X),Z(m))
)
= Hm(C(X),Z(m)) ∩ FmHm(C(X),C).
Clearly, if d logm is surjective then so is lim(clm,m), but we shall show
that the converse also holds. In fact, we expect the following to be
true:
Conjecture 7.2. The map in (7.1) is surjective.
For the moment, let us restrict to the case r = m = 1. It is then
easy (and also follows from Example 6.3) that
d log : CH1(C(X), 1) = C(X)× → Γ
(
H1(C(X),Z(1))
)
,
is surjective, with divisible kernel: ker(d log) = C×. Thus for any
integer l 6= 0,
CH1(C(X), 1)
l · CH1(C(X), 1)
≃
Γ
(
H1(C(X),Z(1))
)
l · Γ
(
H1(C(X),Z(1))
) .
If U is a Zariski open part of X , then there is an exact sequence
(7.3) 0→
H1(U,Z(1))
Γ
(
H1(U,Z(1))
) → H1(U,C)
F 1H1(U,C)
→ H2D(U,Z(1)) ,
where
(7.4) H2D(U,Z(1)) = CH
1(U) .
Indeed, from mixed Hodge theory (see [De](Cor. 3.2.13(ii)), the re-
striction map induces an isomorphism
H1(X,OX) ≃
H1(U,C)
F 1H1(U,C)
.
This together with the surjectivity of CH1(X)→ CH1(U), implies that
the restriction map H2D(X,Z(1)) → H
2
D(U,Z(1)) is surjective; more-
over by a weak purity argument, H2D,X\U(X,Z(1)) ≃ H
2
X\U(X,Z(1)).
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Via the Deligne cycle class maps, we have identifications, CH1(X) =
H2D(X,Z(1)), CH
1
X\U (X) = H
2
X\U (X,Z(1)), and hence by a localization
sequence argument, the aforementioned identification H2D(U,Z(1)) =
CH1(U). Next, by shrinking U , and using that CH1(Spec(C(X)) = 0,
we obtain from (7.3) and (7.4) a short exact sequence
0→ ΓH1(C(X),Z(1))→ H1(C(X),Z(1))→ H1(X,OX)→ 0 ,
where the last term is uniquely divisible. Hence, for l 6= 0, we find an
isomorphism
ΓH1(C(X),Z(1))
l · ΓH1(C(X),Z(1))
≃
H1(C(X),Z(1))
l ·H1(C(X),Z(1))
.
Next, we observe that H2(C(X),Z(1)) is torsion-free, since by the
Lefschetz (1, 1) theorem the torsion in H2(X,Z(1)) is algebraic. This
implies that
H1(C(X),Z(1))
l ·H1(C(X),Z(1))
≃ H1
(
C(X),
Z(1))
l · Z(1)
)
.
Finally, we deduce the well-known fact
CH1(C(X), 1)
l · CH1(C(X), 1)
≃ H1
(
C(X),
Z(1))
l · Z(1)
)
.
To see this in another context, let us work in the e´tale topology on a
variety V/C, and consider the sheaf µl on V , where for U → V e´tale,
µl(U) = {ξ ∈ Γ(U,OU) | ξ
l = 1}. Now let V = Spec(C(X)). Then by
Hilbert 90,
H1et(C(X), µl) ≃ C(X)
×/[C(X)×]l,
where [C(X)×]l = {xl | x ∈ C(X)×}. There are exact sequences
0→ C× → C(X)×
d log
−−→ Ω1C(X)/C,
0→ C× → [C(X)×]l
d log
−−→ Ω1C(X)/C,
where Ω1
C(X)/C are the Ka¨hler differentials, which induces the short
exact sequences
0→ C× → C(X)×
d log
−−→ Γ
(
H1(C(X),Z(1))
)
→ 0
and
0→ C× → [C(X)×]l
d log
−−→ l · Γ
(
H1(C(X),Z(1))
)
→ 0 .
Thus going from the e´tale to Betti cohomology with finite coefficients
can be traced via the isomorphisms:
(7.5) H1et(C(X), µl) ≃ C(X)
×/[C(X)×]l
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≃
Γ
(
H1(C(X),Z(1))
)
l · Γ
(
H1(C(X),Z(1))
) ≃ H1(C(X),Z(1))
l ·H1(C(X),Z(1))
≃ H1
(
C(X),
Z(1)
l · Z(1)
)
.
Note that d log : CH1(Spec(C(X), 1) = C(X)× → H1(C(X),Z(1)),
and CH1(Spec(C(X), 1) = C(X)× → H1et(C(X), µl) from (7.5) are the
respective cycle class maps to Betti cohomology (analytic topology)
and e´tale cohomology. In summary, we have a commutative diagram
corresponding to a morphism of sites from the e´tale to the analytic
topologies.
C(X)×
d log
−−→ H1(C(X),Z(1))y y
H1et(C(X), µl)
∼
−→ H1
(
C(X), Z(1)
l·Z(1)
)
where the isomorphism in the bottom row is from (7.5). Taking cup
products, we have a similar diagram(
C(X)×
)⊗m (d log)⊗m
−−−−−→ H1(C(X),Z(1))⊗my y
H1et(C(X), µl)
⊗m ∼−→ H1
(
C(X), Z(1)
l·Z(1)
)⊗m
∪
y y∪
Hmet (C(X), µ
⊗m
l )
∼
−→ Hm
(
C(X), Z(m)
l·Z(m)
)⊗m
where the isomorphism
Hmet (C(X), µ
⊗Zm
l )
∼
−→ Hm
(
C(X),
Z(m)
l · Z(m)
)
here (and in the previous diagram for m = 1), which really arises from
the Leray spectral sequence associated to a morphism of sites, can
be deduced from [Mi, Thm 3.12 on p.117]. The Bloch-Kato/Milnor
conjectures (now theorems [We]) tell us that for l a non-zero integer,
22 ROB DE JEU AND JAMES D. LEWIS
the induced map
CHm(Spec(C(X)), m)
l · CHm(Spec(C(X)), m)
→ Hmet (Spec(C(X)), µ
⊗Zm
l )
is an isomorphism. 5 In our situation, this translates to saying
Theorem 7.6. For m ≥ 0, the map
CHm(Spec(C(X)), m)
l · CHm(Spec(C(X)), m)
→ Hm
(
C(X),
Z(m)
l · Z(m)
)
is an isomorphism for any integer l 6= 0.
We can now prove the following result. Note that part (i) for i = 1
is immediate from the short exact sequence (6.1), and for i = 2 follows
from the Lefschetz (1, 1) theorem.
Theorem 7.7. (i) H i(C(X),Z) is torsion-free for all i. In particular,
the torsion subgroup of H i(X,Z) is supported in codimension 1.
(ii) ker(d logm) in (7.1) is divisible.
(iii) The groups
Hm(C(X),Z(m))
Γ
(
Hm(C(X),Z(m)
) and Γ(Hm(C(X),Z(m))
im(d logm)
are uniquely divisible.
Proof. First observe that the map in Theorem 7.6 is the composition
CHm(Spec(C(X)), m)
l
→
Hm(C(X),Z(m))
l
→ Hm
(
C(X),
Z(m)
l · Z(m)
)
.
Notice that the short exact sequence 0→ Z
×l
−→ Z→ Z/lZ→ 0 induces
the short exact sequence
Hm(C(X),Z(m))
l
→֒ Hm
(
C(X),
Z(m)
l · Z(m)
)
։ Hm+1(C(X),Z(m))l−tor.
By Theorem 7.6, it follows thatHm+1(C(X),Z(m))l−tor = 0, thus prov-
ing part (i). Next observe that
Γ
(
Hm(C(X),Z(m)
)
= FmHm(C(X),C) ∩Hm(C(X),Z(m)) ,
and hence
Γ
(
Hm(C(X),Z(m)
)
∩ l ·Hm(C(X),Z(m)) = l · Γ
(
Hm(C(X),Z(m)
)
.
5This generalizes the Merkurjev-Suslin theorem, where m = 2.
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Using also Theorem 7.6, we have the commutative diagram
CHm(Spec(C(X)), m)
l · CHm(Spec(C(X)), m)

≃ // Hm
(
C(X),
Z(m)
l · Z(m)
)
im(d logm)
l · im(d logm)

Γ
(
Hm(C(X),Z(m))
)
l · Γ
(
Hm(C(X),Z(m))
)   // Hm(C(X),Z(m))
l ·Hm(C(X),Z(m))
,
≃
OO
where all maps must be isomorphisms. Part (ii) follows by applying
the snake lemma to multiplication by l 6= 0 on the short exact sequence
0→ ker(d logm)→ CH
m(Spec(C(X)), m)→ im(d logm)→ 0
as im(d logm) is torsion-free. Using the obvious abbreviations, part (iii)
follows similarly from 0 → Γ → Hm → Hm/Γ → 0 and 0 → im →
Γ→ Γ/im→ 0. 
Corollary 7.8.
Γ
(
Hm(C(X),Z(m))
)
im(d logm)
=
Γ
(
Hm(C(X),Q(m))
)
im(d logm⊗Q)
.
Corollary 7.9.
ker
[
AJ :
CH2hom(X, 1)
CH2dec(X, 1)
→ J
(
H2(X,Z(2))
H2alg(X,Z(2))
)]
is uniquely divisible.
Proof. Apply Theorem 7.7(iii) with m = 2 to Corollary 6.5. 
Note that one can define N1CHr(X,m− 1) with integral coefficients
analogous to (6.6). We assume r ≥ m. Since H2r−m(C(X),Z(r))
is torsion-free by Theorem 7.7(i), diagram (6.2) becomes valid after
passing to the generic point of X . After applying the snake lemma, we
arrive at the fact that
ker
(
AJ :
CHr(X,m− 1)
N1CHr(X,m− 1)
→ J
(
H2r−m(X,Z(m− 1))
N1H2r−m(X,Z(m− 1))
))
injects into
Γ
(
H2r−m(C(X),Z(r))
)
im(lim(clr,m))
.
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In the case r = m we deduce
Corollary 7.10.
ker
(
AJ :
CHm(X,m− 1)
N1CHmX,m− 1)
→ J
(
Hm(X,Z(m− 1))
N1Hm(X,Z(m− 1))
))
is torsion-free. Hence we have an injection of torsion subgroups
AJ :
{
CHm(X,m− 1)
N1CHmX,m− 1)
}
tor
→֒
{
J
(
Hm(X,Z(m− 1))
N1Hm(X,Z(m− 1))
)}
tor
.
Remark 7.11. Conjecture 7.2 would imply that the maps AJ in Corol-
laries 7.9 and 7.10 are injective.
8. Decomposables
Fix r,m ≥ 1. If r = m, then according to Theorem 4.9, surjectivity
of clm,m implies that λm is injective on dm(E˜
−m,0
m ) ⊂ E˜
0,−m+1
m . Thus it
makes sense to calculate im(dm) in general.
Let j : Y →֒ X be the inclusion of a NCD Y (with smooth compo-
nents). Then
E˜0,−m+1m
im(dm)
= E0,−m+1∞ ⊗Q =
CHr(X,m− 1;Q)
j∗CH
r−1(Y,m− 1;Q)
⊂ CHr(U,m−1;Q) .
Note that CHr−1(Y,m − 1;Q) can be calculated from the simplicial
complex Y [•] → Y . So there are residue maps
∂YR : CH
r−1(Y,m− 1;Q)→
CHr−m(Y [m];Q)
Gy
(
CHr−m−1(Y [m+1];Q)
) ,
∂
X\Y
R : CH
r(X\Y,m;Q)→
CHr−m(Y [m];Q)
Gy
(
CHr−m−1(Y [m+1];Q)
) .
Proposition 8.1. For m ≥ 1,
im(dm) =
j∗CH
r−1(Y,m− 1;Q)
j∗(ker ∂YR )
.
Corollary 8.2. If m ≥ 1 and clm,m is surjective, then the Abel-Jacobi
map λm in (4.5) induces an injection
j∗CH
m−1(Y,m− 1;Q)
j∗(ker ∂
Y
R )
→֒ J(GrW−m) .
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Proof of Proposition 8.1. Consider the exact sequence
CHr(X,m)→ CHr(X\Y,m)→ CHr−1(Y,m− 1)→ CHr(X,m− 1) .
In the weight filtered spectral sequence obtained from (3.2) involved
in computing CHr(X\Y,m) we can restrict our attention to those
Z i,j0 (r) = z
r+i(Y [−i],−j) with i ≤ −1, which converges to CHr−1(Y,m−
1). It also exists for CHr(X,m − 1) (using the column where i = 0).
We use indices to distinguish between the various spectral sequences.
Note that E0,−m+11,X\Y = E
0,−m+1
∞,X = CH
r(X,m− 1) and that for ℓ ≥ 1,
(8.3) E−ℓ,ℓ−mℓ,X\Y = E
−ℓ,ℓ−m
ℓ,Y ։ E
−ℓ,ℓ−m
∞,Y
since dYℓ = 0 on E
−ℓ,ℓ−m
ℓ,Y as its target is trivial. Non-canonically, we
have
CHr−1(Y,m− 1;Q) ≃ E˜−m,0∞,Y ⊕ ker(∂
Y
R )
and
CHr(X\Y,m;Q) ≃ E˜−m,0∞,X\Y ⊕ ker(∂
X\Y
R ) .
Thus
j∗CH
r−1(Y,m− 1;Q) ≃
CHr−1(Y,m− 1;Q)
CHr(X\Y,m;Q)
≃
E˜−m,0∞,Y
E˜−m,0∞,X\Y
⊕
ker(∂YR )
ker(∂
X\Y
R )
,
with the last term isomorphic with j∗(ker(∂
Y
R )). One has a commutative
diagram
E˜−m,0m,X\Yy ցdm
0 → E˜−m,0∞,X\Y → E˜
−m,0
∞,Y → E˜
0,−m+1
m,X\Y
with surjective vertical map by (8.3). One sees the bottom row is
exact by comparing the spectral sequences Ep,qm,X\Y and E
p,q
m,Y at (p, q) =
(−m, 0). Hence j∗CH
r−1(Y,m− 1;Q) ≃ im(dm)⊕ j∗ ker(∂
Y
R ). 
We now restrict to the case r ≥ m because im(dm) = 0 for r < m
as CHr−m(Y [m]) = 0 (see (4.1)). Let ξ ∈ CHr(X,m − 1). Then
|ξ| ⊂ X × ∆m−1 is of codimension r, and hence W := Pr1(|ξ|) is of
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codimension (r − m) + 1 ≥ 1 in X . By Hironaka, there is a proper
modification diagram
(8.4)
σ−1(W ) =: Y
j
→֒ X
↓ ≀≀ ↓ σ
W
j1
→֒ X
where Y is a NCD. Let U = X\W . We have a corresponding diagram
with CHr
Y
(X,m− 1;Q) = CHr−1(Y ,m− 1;Q),
(8.5)
j∗CH
r
Y
(X,m− 1;Q) →֒ CHr(X,m− 1;Q) → CHr(U,m− 1;Q)
σY ,∗ ↓ ↓ σ∗ ||
j1,∗CH
r
W (X,m− 1;Q) →֒ CH
r(X,m− 1;Q) → CHr(U,m− 1;Q)
where ξ is in j1,∗CH
r
W (X,m−1;Q). Obviously σ∗◦σ
∗ = Identity implies
that σ∗ is onto. A diagram chase shows that σY ,∗ is a surjection as well.
As X is obtained from X by a sequence of blow-ups with non-singular
centres, it is clear from the well-known motivic decomposition ofX with
respect X , that the (higher) Chow group ofX involves that ofX and of
smooth irreducible divisors. Hence it follows that ker(σ∗) ⊂ j∗(ker ∂
Y
R ).
We deduce the isomorphisms
CHr(X,m− 1;Q)
j∗CH
r
Y
(X,m− 1;Q)
≃
CHr(X,m− 1;Q)
j1,∗CH
r
W (X,m− 1;Q)
,
j∗CH
r
Y
(X,m− 1;Q)
j∗(ker ∂
Y
R )
≃
j1,∗CH
r
W (X,m− 1;Q)
σ∗ ◦ j∗(ker ∂
Y
R )
.
Let
Ξr,mX :=
∑
(X,Y )
σ∗ ◦ j∗(ker ∂
Y
R ) ,
where (X, Y ) runs over all proper modifications (8.4) for all W ⊂ X
of codimension at least 1. By construction we have
CHr(X,m− 1;Q) =
∑
(X,Y )
σ∗ ◦ j∗
(
CHr
Y
(X,m− 1;Q)
)
.
Now recall the subspace N1CHr(X,m − 1;Q) ⊂ CHrhom(X,m − 1;Q)
introduced in equation (6.6). It follows from the definitions that
Ξr,mX ⊆ N
1CHr(X,m− 1;Q),
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since, by (4.6), ∂YR (ξ) = 0 in E˜
−m,0
1 implies β(∂
Y
R (ξ)) = 0 in Γ
(
GrW0
)
.
The above inclusion is an equality if r = m, since in this case β is
an isomorphism. Let CHrdec(X,m − 1;Q) ⊆ CH
r(X,m − 1;Q) be the
subspace generated by images of the form
CHa(X, b;Q)⊗ CHt(X, s;Q)→ CHr(X,m− 1;Q)
under the product where
a+ s = r, b+ t = m− 1, (a, b) 6= (0, 0), (s, t) 6= (0, 0).
Proposition 8.6. For r ≥ m ≥ 1 we have CHrdec(X,m−1;Q) ⊆ Ξ
r,m
X .
Remark 8.7. It is not clear if equality holds in the above proposition.
Proof of Proposition 8.6. Consider ξ = ξ1⊗ξ2 ∈ CH
a(X, b;Q)⊗CHs(X, t;Q),
where b, t ≤ m− 1. Note that CHi(X, j) is supported in codimension
i− j, namely
CHi(X, j) =
∑
cdXY≥i−j
im
(
CHiY (X, j)→ CH
i(X, j)
)
.
Also a ≤ b and s ≤ t ⇒ r = a + s ≤ b + t = m − 1, which is not the
case as we are assuming r ≥ m. Therefore we can assume say s > t.
Next, if t = m − 1, then b = 0, and thus a > 0 = b implies ξ1 is
supported on a divisor in X . This scenario can be handled in the same
way as in the case where we assume that s > t and t < m−1. Namely,
since s > t, we can assume that ξ2 is supported on some Y ⊂ X of
codimension 1 ≤ s− t, and by the surjectivity of σY ,∗ in diagram (8.5),
we can assume without loss of generality that Y ⊂ X is a NCD. Thus
for some ξY2 ∈ CH
s−1(Y, t;Q), ξY2 7→ ξ2. Since X is smooth, we have
the product ([Bl]):
CHa(X, b)× CHs−1(Y, t;Q)→ CHr−1(Y,m− 1;Q),
which defines ξ1∩ξ
Y
2 ∈ CH
r−1(Y,m−1;Q). But since ξ1 can be assumed
in general position with respect to Y , and together with t < m− 1, we
have ∂YR
(
ξ1 ∩ ξ
Y
2
)
= 0. 
9. Noether-Lefschetz for a family of surfaces
Let X/C be a smooth projective surface, Y =
⋃n
j=1 Yi ⊂ X a NCD
(with smooth Yi’s) with open complement U := X\Y . The work of
Deligne ([De], Cor. 3.2.13 and 3.2.14) implies that F 2H2(U,C) =
H0(X,Ω2X〈Y 〉), where Ω
2
X〈Y 〉 is the sheaf of rational 2-forms onX , reg-
ular on U with logarithmic poles along Y . In particular if we denote by
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H(U), the space of regular algebraic 2-forms on U with Q(2)-periods,
then
(9.1) ΓH2(U,Q(2)) := H2(U,Q(2)) ∩ F 2H2(U,C) ⊂ H(U),
and where we allow for the possibility that the left hand side of (9.1)
is non-zero. Let Z(Y ) be the singular set of Y . For each Yj we choose
distinct points {Pj, Qj} ⊂ Yj\{Yj ∩ Z(Y )}. Now let’s modify X by
blowing it up along {P1, Q1, ..., Pn, Qn} and call this X
′. So in partic-
ular the strict transform Y ′ of Y is a copy of Y itself. On U ′ := X ′\Y ′
we have for each j = 1, ..., n an interesting real 2-cycle γj obtained as
follows: Take the complement of a small disc in the blowup of Pj, the
complement of a small disc in the blowup of Qj , and a small tube in
X\Y along a path in Yj from Pj to Qj that so that the end circles meet
the circles of the two previous parts. Then by a standard residue argu-
ment, integrating an element ω ∈ H(U ′) against γj gives us essentially
2πi times the integral along the part in Yj from Pj to Qj of the residue
of ω along Y , where we observe that ω restricts to zero on the other
two parts of γj, viz., there are no non-zero holomorphic 2-forms living
on any subset of P1.
Figure 9.1. The cycle γj
Note that this integral is determined by the finite dimensional Q-
vector space of residues on Y . So pick Pj and Qj sufficiently general
in Yj so that we can never end up in Q(2) with this integral except
with the trivial residue. Then doing this for all j = 1, ..., n, we arrive
at U ′ for which ΓH2(U ′,Q(2)) = 0, using the fact that H0(X ′,Ω2X′) ∩
H2(X ′,Q(2)) = 0. We deduce:
Theorem 9.2. Let
t ∈ B :=
{
(P1, Q1, ..., Pn, Qn) ∈
n∏
j=1
Y 2j
∣∣∣∣∣∣
Pj 6= Qj
{Pj, Qj} ∈ Yj\{Yj ∩ Z(Y )}
j = 1, ..., n
 ,
with corresponding family {U ′t}t∈B. Then ΓH
2(U ′t ,Q(2)) = 0 for a very
general point t in B.
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10. Appendix: The Abel-Jacobi map revisited
The purpose of this appendix is to establish the commutativity of di-
agram (4.5) above. Due to its technical nature, the reader with pressing
obligations can easily skip this without losing sight of the main results
of this paper. We first digress by describing the Abel-Jacobi map
λk : E˜
−m+k,−k+1
k → J
(
GrW−k
)
,
where GrW−k is described in (4.4). In the case k = 1, viz.,
λ1 : E˜
−m+1,0
1 → J
(
GrW−1
)
,
this is induced by the classical Abel-Jacobi map
CHr−m+1hom (Y
[m−1];Q)
ξ 7→
∫
∂−1ξ
(−)
−−−−−−−→ J
(
H2r−2m+1(Y [m−1],Q(r −m+ 1))
)
.
The Abel-Jacobi map
Φk : E˜
−m+k,−k+1
2 → J
(
GrW−k
)
,
is defined using the formula in [KLM]. By degeneration of the mixed
Hodge complex spectral sequence at E2 (Deligne), and a map of spec-
tral sequences from Chow groups to Hodge cohomology, together with
functoriality of the Abel-Jacobi map, the map Φk induces λk for all
k ≥ 2. So we need only describe the map Φk explicitly. Let 
m :=
(P1\{1})m with coordinates zi and 2
m codimension one faces obtained
by setting zi = 0,∞, and boundary maps ∂ =
∑
(−1)i−1(∂0i − ∂
∞
i ),
where ∂0i , ∂
∞
i denote the restriction maps to the faces zi = 0, zi =∞
respectively. Here we adopt the notation in [KLM] adapted to the cu-
bical description of CHr(X,m;Q), with cycles lying in zr(X ×m;Q),
in general position with respect to the 2m faces of m as well as the
real part [−∞, 0]m ⊂ m.
Recall the Tate twist Q(r), let X/C be smooth projective with
d = dimX , and put DkX := sheaf of currents that act on compactly
supported C-valued C∞ forms of degree 2d− k. Note that
D•X =
⊕
p+q=•
Dp,qX ,
where Dp,qX acts on corresponding (d−p, d− q) forms. Let C
k
X(Q(r)) be
the sheaf of Borel-Moore chains of real codimension k in X with Q(r)
coefficients. One has an inclusion CkX(Q(r)) ⊂ D
k
X . Now put
M•D = Cone
{
C•X(X,Q(r)))
⊕
F rD•X(X)→ D
•
X(X)
}
[−1].
The cohomology of this complex at • = k is precisely the Deligne
cohomology HkD(X,Q(r)) (see [KLM]).
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We recall the cycle class map
Ψr,m : CH
r(X,m;Q)→ H2r−mD (X,Q(r)),
in terms of the cubical description of CHr(X,m). Note that for m ≥ 1,
H2r−mD (X,Q(r) ≃ J
(
H2r−m−1(X,Q(r))
)
,
and under this identification, Ψr,m is the Abel-Jacobi map. On 
m we
introduce the currents
Ωm :=
m∧
1
d log zj
Tm := Tz1 ∩ · · · ∩ Tzm =
∫
[−∞,0]m
(−) =: δ[−∞,0]m,
where Tzj is integration on
{
(z1, ..., zm) ∈ 
m
∣∣ zj ∈ [−∞, 0]}.
Rm := log z1d log z2∧· · ·∧d log zm−(2πi) log z2d log z3∧· · ·∧d log zm·Tz1
+ · · ·+ (−1)m−1(2πi)m−1 log zm · {Tz1 ∩ · · · ∩ Tzm−1},
where log has the principle branch. One has
dRm = Ωm − (2πi)
mTm − 2πiR∂m .
We consider a cycle ξ ∈ zr(X×m) in general position. One considers
the projections π1 : |ξ| → X, π2 : |ξ| → 
m. We put
Rξ = π1,∗ ◦ π
∗
2Rm , Ωξ = π1,∗ ◦ π
∗
2Ωm , Tξ = π1,∗ ◦ π
∗
2Tm .
Note that when m = 0, Rξ = 0 (classical case!). Correspondingly
dRξ = Ωξ − (2πi)
mTξ − 2πiR∂ξ .
Up to a normalizing constant, the cycle class map Ψr,m is induced by
ξ 7→
(
(2πi)mTξ,Ωξ, Rξ
)
.
Recall d = dimX . The Abel-Jacobi map
Φr,m : CH
r
hom(X,m;Q)→
F d−r+1H2d−2r+m+1(X,C)∨
H2d−2r+m+1(X,Q(d− r))
,
where we described J
(
H2r−m−1(X,Q(r))
)
using the Carlson isomor-
phism, is defined as follows. If ξ ∈ CHr(X,m;Q), then by a moving
lemma [K-L, Lemma 8.14], we can assume that ξ is in general position
with respect to the real cube [−∞, 0]m ⊂ m. Furthermore, m > 0
implies Tξ = dTζ, i.e., ±∂ζ = ξ ∩ {X × [−∞, 0]
m}, Ωξ = −dS, for
some S ∈ F rD2r−m−1X (X), so up to a normalizing constant and for
ω ∈ F d−r+1H2d−2r+m+1(X,C), we have
Φr,m(ξ)(ω) = S(ω) + (−2πi)
m
∫
ζ
ω +Rξ(ω) = (−2πi)
m
∫
ζ
ω +Rξ(ω),
BEILINSON’S HODGE CONJECTURE 31
where the latter equality stems from Hodge type considerations.
Now referring to (4.5), we fulfill a promise made earlier, viz.,
Theorem 10.1. The diagram (4.5) is commutative. Specifically,
hk ◦ αk = λk ◦ dk.
Proof. We have to unravel the definitions. We use the simplicial com-
plex Y [•] → Y →֒ X as a way of describing WjH
2r−m(U,Q(r)). Let
K2r−2m+iQ (Y
[m−i]) = C2r−2m+i(Y [m−i],Q(r −m+ i))
K2r−2m+iC (Y
[m−i]) = D2r−2m+i(Y [m−i])
D = d±Gy
A class ξ ∈ W0H
2r−m(U,Q(r)) is represented by a D-closed (m + 1)-
tuple
ξ = (ξ0, ξ1, ..., ξm) ∈
m⊕
i=0
K2r−2m+iQ (Y
[m−i]).
With Wj := WjH
2r−m(U,Q(r)), consider the short exact sequence
0→W−1 →W0
ξ 7→ξ0
−−−→ GrW0 → 0.
Let us first describe h1 ◦ α1 : E˜
−m,0
1 → J
(
GrW−1
)
. Let γ ∈ E˜−m,01 and
ξ0 = β(γ). In this case ξ0 ∈ Γ
(
GrW0
)
is in the image of ξ ∈ W0. Likewise
ξ0 is in the image of some ξ
C ∈ F 0W0,C. The difference ξ− ξ
C ∈ W−1,C
maps to a class in J
(
W−1
)
which defines the Abel-Jacobi image of γ
in J
(
W−1
)
. We can assume that ξ − ξC is represented by the D-closed
m-tuple:
(ξ1 − ξ
C
1 , ..., ξm − ξ
C
m) ∈
m⊕
i=1
K2r−2m+iC (Y
[m−i]).
with Gy(ξ0) = ∂ξ1. The corresponding value h1 ◦ α1(γ) ∈ J
(
GrW−1
)
is
given by the Abel-Jacobi membrane integral
∫
ξ1
(−), as the Hodge con-
tribution given by ξC1 is trivial for Hodge type reasons. This is easily
seen to be precisely λ1 ◦ d1(γ), where we recall that d1 = Gy. Thus
λ1 ◦ d1 = h1 ◦ α1. So now suppose that d1(γ) = 0 ∈ E˜
−m+1,0
1 , i.e. γ ∈
E˜−m,02 . This means that Gy(γ) = ∂ζ1, where ζ1 ∈ z
r−m+1(Y [m−1], 1;Q).
Then d2(γ) = Gy(ζ1) ∈ E˜
−m+2,−1
2 . (We comment in passing that us-
ing the aforementioned moving lemma in [K-L], we can assume that
ζ1,R := ζ ∩ Y
[m−1] × [−∞, 0] is a proper intersection, and hence that
∂ζ1,R = Gy(ξ0).) Since d1(γ) = Gy(γ) is a coboundary, it follows
that h1 ◦ α1(γ) = λ1 ◦ d1(γ) = 0, and hence after removing classes in
W−1 + F
0W−1,C, [specifically, ∂(ζ1,R − ξ1) = Gy(ξ0)−Gy(ξ0) = 0, and
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using W−1 ։ Gr
W
−1, d(Ωζ1 − ξ
C
1 ) = Gy(ξ
C
0 ) − Gy(ξ
C
0 ) = 0 and using
F 0W−1,C ։ F
0GrW−1,C], we can assume that ξ − ξ
C is represented by
the D-closed m-tuple
(2πiTζ1 − Ωζ1 , ξ2 − ξ
C
2 , ..., ξm − ξ
C
m) ∈
m⊕
i=1
K2r−2m+iC (Y
m−i]),
where
dξ2 = (2πi)TGy(ζ1), dξ
C
2 = ΩGy(ζ1).
Note that
dRζ1 = Ωζ1 − (2πi)Tζ1 − (2πi)R∂ζ1 = Ωζ1 − (2πi)Tζ1 ,
as R∂ζ1 = 0 (∂ζ1 representing the classical case!). But ∂Gy(ζ1) =
Gy(∂ζ1) = Gy
2(γ) = 0. Hence working modulo the coboundary
DRζ1 = dRζ1 ± RGy(ζ1),
we can assume that ξ− ξC is represented by the D-closed (m−1)-tuple
(ξ2 − ξ
C
2 +RGy(ζ1), ξ3 − ξ
C
3 , . . . , ξm − ξ
C
m) ∈
m⊕
i=2
K2r−2m+iC (Y
m−i]) .
So modulo D-coboundary, h2 ◦ α2(γ) is represented by the d-closed
current ξ2− ξ
C
2 +RGy(ζ1), which is precisely λ2 ◦ d2(γ). Hence h2 ◦α2 =
λ2 ◦ d2. The general case hk ◦ αk = λk ◦ dk proceeds in a similar
fashion. 
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